ABSTRACT In this paper, a new reliability testing control chart has been developed using the hybrid censoring scheme for the Weibull distribution. The in-control and out-of-control probabilities are estimated for the desired quality characteristic using the reliability acceptance sampling plan. The performance of the proposed chart has been evaluated by estimating the average run lengths for the shifted process under the simulation. A numerical example has been given for the practical implementation of the proposed chart. It has been observed that the proposed chart is a valuable addition in the process monitoring for the life testing of the products.
I. INTRODUCTION
The control chart is an important tool of statistical process control to continuously improve the production quality in order to maintain the repute of the produced items in the competitive markets. The control charts are being used increasingly in various areas of research [1] . The construction of the control chart requires the production process to vary only within the calculated upper control limit and the lower control limit. It is used for the graphical representation of the current situation of the process including the assignable causes to the production process as early as possible in order to avoid losses of rework and scrap [11] . Most of the control charts have been developed for monitoring of the mean of the interested quality characteristic for normal and nonnormal distributions of the observations. There are situations in which the quality characteristic consists of the life testing of the products thus produced. Such control charts are known as the reliability testing control charts (RTCC). Life time testing and the reliability testing are the practical methods to determine the product quality and reliability [13] . It may be defined as the quality over time [8] . Such control charts are very expensive and time consuming [6] . So censoring schemes like Type-I or/and Type-II schemes are employed to develop these control charts. Unavoidable limitations are imposed on the life test products and the items without life time values are termed as censoring. When the life testing is stopped after the occurrence of prefixed r number of failures then it is called Type II censoring and when the testing is stopped after a prefixed time X 0 , it is called Type-I censoring. The hybrid censoring developed in this paper is a combination of Type-I and Type-II which is quite important in reliability analysis. Many quality control researchers have developed the reliability censoring schemes including Schneider [14] , Yeh [17] , Balasooriya and Balakrishnan [3] , Balasooriya and Saw [4] , Balasooriya et al. [5] , Balakrishnana et al. [2] , Wu and Huang [16] and Tsai et al. [15] .
There are many situations, for example, electrical appliances, data exchange systems, nuclear power plants, etc., in which the quality characteristic consists of life testing so this type of product requires a lot of time to reach its destination. In addition to this the experiment will be terminated when the item will be failed. To address this situation the researchers use the technique of hybrid censoring which has been applied in the acceptance sampling plans. The prime objective of studying a control chart of the production process is twofold. Firstly, the display of the continuous observations of the process on the control chart to monitor its variations. Secondly, on the indication of the graphical display, the prompt corrective actions are adopted to increase the quality of the product. The life test of the unit will be stopped whenever some or all the units (or some predefined value) under testing are met to failure then the process is declared as unreliable. As the modern technological world introduces complex systems for the society, then the reliability of these systems is the need of the society. The developed chart serves a bridging role between the producers and the purchasers. In this paper, the hybrid censoring scheme for the reliability of the life testing type quality of the produced goods have been studied. This scheme has been widely used in the area of sampling plans. But according to the best of authors knowledge, there is no work done in control chart using hybrid censoring scheme. The reliability have been studied using the in-control and out-of-control processes based on the statistic reliability acceptance sampling plan (RASP) using two points on the operating characteristic curve. Finally, we present some necessary measures to evaluate the performance of the control chart.
The rest of the paper is organized as follows. In Section 2, a detailed description of the design of control chart using reliability acceptance sampling plan under hybrid censoring has been developed. All the methods are illustrated by numerical examples. A simulation study is also done to validate the performance of the proposed control chart technique. Finally, some concluding remarks are made in Section 3.
II. DESIGN OF CONTROL CHART USING RELIABILITY ACCEPTANCE SAMPLING PLAN
This section describes the proposed methodology. First, we discuss the hybrid censored data and then basics of reliability acceptance sampling plan (RASP). Henceforth, the construction of control chart is proposed.
A. HYBRID CENSORED DATA AND RASP
Suppose X denotes the lifetime random variable with cumulative distribution function F X (x; θ ) and probability density function f X (x; θ ), where θ = (θ 1 , θ 2 , · · · , θ q ) ∈ ⊆ R q . Let X 1 , X 2 , · · · , X n be the lifetimes of n testing items and X 1:n ≤ X 2:n ≤ · · · ≤ X n:n be the corresponding ordered failure times. In the framework of hybrid censoring (Type-I and Type-II HCS), assume that the number of failures and the duration of the experiment are denoted by D and ξ , respectively. Note that, for Type-I HCS, ξ = min(X r:n , X 0 ), whereas for Type-II HCS, ξ = min{max(X r:n , X 0 ), X n:n }. Therefore, the observations are represented by (x 1:n , x 2:n , . . . , x d:n , d), where x i:n and d denote the observed values of X i:n and D, respectively. Therefore, the likelihood function based on hybrid censored data (Type-I and Type-II HCS) can be written as
where ξ 0 denotes the observed values of ξ , the duration of the experiment. The maximum likelihood estimate of θ is obtained by maximizing (1) . The computation of corresponding Fisher information matrix for the vector parameter θ, given by
is in general troublesome. Park and Balakrishnan [12] gave an alternate expression of the Fisher information matrix for θ under Type-I HCS, as given by
where h X (x; θ ) is the hazard rate of X , f i:n (x; θ ) is the density function of
and A is defined as the matrix A.A , for A ∈ R q . Also, the expression of Fisher information for θ under Type-II HCS is given by [12] I Type-II HCS (θ)
where
Type-I HCS (θ ) is as given by (2) and (∂/∂θ ) ln h X (x; θ) is defined as earlier.
In the context of reliability acceptance sampling plan, let us assume that the quality characteristic (that is, lifetime) X follows the Weibull distribution with cumulative distribution function given by
where m > 0 and λ > 0 are the shape and the scale parameters, respectively. Instead of working with actual lifetime (4), it is convenient to work with log-lifetime T = ln X because, under this transformation, the parameters often appear as location and scale parameters which reduce the complexity from the computational aspects. In this case, T follows the extreme value distribution with the corresponding cumulative distribution function
where −∞ < µ < ∞ and σ > 0 are the location and scale parameters given by µ = − ln λ and σ = 1/m, respectively. Let us assume that L be the actual one-sided lower specification limit of the quality characteristic from (4). Therefore, in transformed distribution (5), the fraction of defective items in the lot, p, is given by the probability Pr(
In designing a RASP, it is required an agreement between the producer and the customer. If the fraction of defective items in the lot does not exceed p α , the lot is assumed to be good and accepted with probability at least 1 − α, where α is producer's risk. On the other hand, if the fraction of defective items in the lot exceeds p β , the lot is assumed to be bad and rejected with probability at least 1 − β, where β is consumer's risk. For more details on RASP procedures, one may refer to [11] . According to well-known [10] procedure, a lot under testing is accepted if
and rejected otherwise, where l is the acceptability constant to be determined. Note thatμ andσ are based on the sample data available from the life testing with the specified (n, r, X 0 ). Using the asymptotic properties of maximum likelihood estimator, the distribution of S =μ − lσ can be approximated as a normal distribution with mean E[S] = µ − lσ and variance
where I 11 (µ, σ ), I 22 (µ, σ ) and I 12 (µ, σ ) are the elements of the inverse of Fisher information matrix (see Appendix A for details). Bhattacharya et al. [6] showed that the acceptability constant l is then given by
and the required sample size n is the solution to the equation
where z α , z 1−β are αth and (1 − β)th quantiles of the standard normal distribution and u p α , u p β are p α th and p β th quantiles of the standard extreme value distribution corresponding to the nonconforming fractions p α and p β , respectively. Therefore, for any two points (p α , 1 − α) and (p β , β) on the OC curve together with specified r and X 0 , one can compute hybrid censored RASP using the equations (7) and (8) . A detailed procedure and the algorithm are described in Bhattacharya et al. [6] .
B. DESIGN OF CONTROL CHART
This section describes a detailed procedure to construct a control chart for in-control and shifted processes for the quality characteristic in the context of RASP. First, we propose a Shewhart type control chart [11] for the in-control process and, later on, a control chart for shifted process is proposed. First, we define a quality characteristic for the process monitoring. By saying a process is in-control, we mean that the items, produced from a in-control process, are more likely to be accepted by the associated RASP. Therefore, the statistic S becomes the natural choice as quality characteristic of interest for process monitoring and, thus, it can be used to construct a control chart for the process. Let us assume that LCL and UCL be the lower and upper control limits, respectively, for the quality characteristic of interest S governed by the equation (4) . For the equation (5), these two limits are defined as LCL 1 = ln LCL and UCL 1 = ln UCL, respectively. Therefore, the proposed control chart is stated as follows
Step 1: Choose two points (p α , 1 − α) and (p β , β) on the OC curve and calculate l using equation (7).
Step 2: Take a random sample of size n from the production process and put them on a life testing experiment with pre-specified values of q and X 0 .
Step 3: Compute S =μ − lσ from the observed data obtained from the life test. Declare the process outof-control if S ≥ UCL 1 and S ≤ LCL 1 . With the analogy of Shewhart's control chart, LCL 1 and UCL 1 are defined as
where k is the constant to be determined which represents the distance of the control limits from the center line
The performance of a control chart is measured by the quantity average run length (ARL) which is the reciprocal of the probability that the process is not in-control. The probability that the process is in-control is given by
where (·) is the cumulative distribution function of the standard normal distribution. Therefore, the ARL can be computed as
ARL tells the expected number of subgroups that are needed to plot on control chart until the process is declared to be outof-control. In other words, it gives the indication when the process becomes out-of-control. The ARL when the process is actually in-control is called the in-control ARL and denoted by ARL 0 , which is computed as
where θ 0 is the parameter value corresponding to in-control process. Given a target ARL, say r 0 , one needs to find k such that ARL 0 ≥ r 0 . Using equation (11), after a little algebraic calculation, one can show that
Since, (k) is decreasing function in k, the required value of k is the solution of (k) = 1−1/2r 0 . Accordingly, the corresponding control limits LCL 1 and UCL 1 are calculated using the equations (9) and (10), respectively. Next, we provide the ARLs for the shifted process. By a shifted process, we mean that the original lifetime is shifted by a constant of amount c > 0. That is, if the lifetime corresponding to in-control process is X then the lifetime corresponding to shifted process is X * = X /c. Under this transformation, the parameter θ 0 = (m, λ) under in-control process changes to θ 1 = (m, cλ) under shifted process. Consequently, in the log-lifetime scale, the parameters (µ, σ ) corresponding to in-control process change to (µ 1 , σ 1 ) where VOLUME 6, 2018 σ 1 ) . Note that, l will be same as in (7). To compute the corresponding ARL, first we need to calculate the probability that the process is in-control for the shifted process and it is given by Pr in|θ 1 
Finally, ARL values can be calculated for different shifts values of c using the formula ARL shift = 1 1 − Pr in|θ 1 . In the next section, the proposed procedures are applied under both Type-I and Type-II HCS. Note that, under both the censoring schemes, the procedures will be exactly the same, but only the change will be in the expressions of the elements of the Fisher information matrix. These expressions are presented in the Appendix A. 
C. NUMERICAL ILLUSTRATIONS
For the purpose of illustrations, we have considered the parameter values corresponding to the in-control process as (m, λ) = (1, 1), i.e., (µ, σ ) = (0, 1) . The values of p α and p β are usually set by the mutual agreement between the producer and the consumer. Here, we have taken (p α , p β ) = (0.00284, 0.03110) and (0.03190, 0.09420), which are chosen to match the specification made in MIL-STD-105D [7] . First, we compute the required sample size n and the corresponding acceptability constant l for α = 0.05 and β = 0. considered three levels of target ARL r 0 = 370, 250 and 200. Considering a geometric distribution with parameter P for the run length, we also computed standard deviation (S. D.) and median of the run length corresponding to each entry using the formula 1 − P) , respectively, where P is probability of in-control process. All the numerical results under Type-I and Type-II HCS are summarized in Tables 1, 2, 3 and 4 .
From the tables, the following trends in ARL are observed. I. For a fixed degree of censoring and X 0 , the ARL shift is decreasing with increasing shift c. This is because of, intuitively, larger change in shift is more likely to be detected early. II.
Increasing trends in ARL shift with increasing target ARL r 0 , as expected. III.
For fixed shift, there are no noticeable change in ARL shift with degree of censoring q. IV.
For a fixed degree of censoring and X 0 , S. D., and median of the run length decreasing with increasing shift c. Again, this is because of, intuitively, larger change in shift is more likely to be detected early.
D. SIMULATION STUDY
In order to check the performance of the proposed control chart, a simulation study is carried out and described in this section. A sampling plan (n, r, X 0 , l) = Table 1 . First, we choose a subgroup of size 100 from the in-control process and construct corresponding control limits LCL 1 , UCL 1 and CL 1 . For each of these subgroups from in-control process, we simulate a hybrid censored data using the specification (n, r, X 0 ) = (39, 23, 2.7182) and (m, λ) = (1, 1). Based on the simulated hybrid censored data, we estimate the corresponding quantities of interestμ andσ using the maximum likelihood principle. Further, we estimate the quantities E Next, we choose another subgroup of size 100 from the shifted process and follow the same simulation steps as discussed above to compute the corresponding quantity E[S]. We plot them within the computed control limits UCL 1 and LCL 1 expecting that the shift should be detected in the neighbor of 90th subgroup. We summarized the above in Figure 1 and it shows that the shift is detected at 195th subgroup. We did the similar exercise with another sampling plan (n, r, X 0 , l) = (98, 49, 1.6487, 2.8711) and associated ARL shift value 4.9090 corresponding to (p α , 1 − α) = (0.03190, 0.95), (p β , β) = (0.02942, 0.05) with r 0 = 250 and shift c = 2 from Table 2 and summarized in Figure 2 . It also detects the shift at 4th subgroup. Finally, another sampling plan (n, r, X 0 , l) = (72, 57, 2.7182, 2.8711) and associated ARL shift value 5.1187 corresponding to (p α , 1 − α) = (0.03190, 0.95), (p β , β) = (0.02942, 0.05) with r 0 = 250 are taken from Table 3 under Type-II HCS in simulation study. As expected, the shift is also detected in 5th subgroup (see Figure 3) .
III. CONCLUDING REMARKS
In this paper, a hybrid censoring control chart has been developed for the monitoring of the reliability of the product under the Weibull lifetime model. The in-control and out-of-control chart coefficients have been estimated using the simulation technique. The average run lengths for the different shift levels have been estimated for different process parameters. An example has been included for the practical implementations of the proposed control chart design. The proposed design of the control chart is a valuable addition to the quality control practitioners. The proposed chart can be extended for some other lifetime models which belongs to locationscale family of distributions. An extension to other variant of hybrid censoring schemes, for instances, progressive hybrid censoring and adaptive progressive censoring schemes etc., can be done easily by applying the proposed technique with little modifications on the corresponding quantities such as Fisher information matrix, sampling plan design parameters.
APPENDIX

A. EXPRESSIONS OF EXPECTED FISHER INFORMATION MATRICES UNDER TYPE-I AND TYPE-II HCS
The Fisher information matrix for (µ, σ ) under Type-I HCS, using (2) , is given by I Type-I HCS (µ, σ ) = I 11 (µ, σ ) I 12 (µ, σ ) . VOLUME 6, 2018
